2 curvature conjecture.
A lot more can be said about this impressive mathematical pedigree of General Relativity. Yet the goal of my talk is not to insist on its rich mathematical roots but rather to demonstrate that the theory provides an extremely rich ground for present day mathematical research. I would like to convince you that General Relativity has an impressive body of well formulated mathematical problems and conjectures that ought to fire our imagination. I will also try to describe some recent results in the field.
-The problem of evolution in GR

-Space-time
Recall that the main object of Einstein's general relativity is the spacetime. This can be defined as a class of equivalence of differentiable, oriented four dimensional Lorentz manifolds (M, g). Two Lorentz manifolds (M, g), (M , g ) are equivalent if there exists a diffeomorphism M −→ M such that g = Φ * g. A space-time is simply a class of equivalence of such Lorentz manifolds. We recall that Lorentz metrics divide vectors X in a tangent space T p (M) into timelike, null and space-like according to whether g(X, X) is, respectively, negative, zero or positive. A curve γ(t) is said to be timelike, respectively null, if its tangent vectorγ(t) is timelike or null. It is called causal if it is either time-like or null. Given a set S ⊂ M we denote by I + (S) the set of all points in M which can be reached by timelike curves originating at S. It is called the chronological future set of S. The set J + S, consisting of points which can be reached by causal curves from S, is called the causal future of S. One defines in the same manner the future and causal pasts I − (S) and J − (S). The future set of an event (1) p consists of all events in M which can be influenced by p. Its boundary N + (p) consists of events in M which can be reached by null geodesic rays initiating at p. A hypersurface Σ is calledspace-like, respectively null if the direction normal to it is space-like, resp. null.
-Einstein equations
The space-time metric g has to satisfy the Einstein Field Equations,
with R αβ the Ricci curvature, R the scalar curvature of the metric and T αβ the energy-momentum tensor of some matter-field defined on (M, g). For simplicity we restrict ourselves to the particular case of vacuum i.e. T ≡ 0 in which case the equations take the form,
R αβ = 0 .
(1) Points in M are also called events of the space-time M.
-Special solutions
The simplest example of an EV manifold is the flat Minkowski space (R 1+3 , g M ) with metric,
in standard coordinates x 0 = t, x = (x 1 , x 2 , x 3 ) ∈ R 3 . The Minkowski metric can be written in spherical coordinates t, r = |x|, ω ∈ S 2 in the form,
where dσ 2 represents the standard metric of the unit sphere S 2 in R 3 . Another, very important, explicit solution of (EV) is given by the exterior Schwarzschild metric, of mass m > 0,
Though the metric seems singular at r = 2m it turns out that one can glue together two regions r > 2m and two regions r < 2mof the Schwarzschild metric to obtain a metric which is smooth along E = {r = 2m}, see [15] , called the Schwarzschild horizon. The exterior Schwarzschild metrics are special examples of a two parameter family of explicit solutions, called exterior Kerr metrics. In Boyer-Lindquist coordinates these take the form,
Moreover for the exterior Kerr metric we take r > r + = m + (m 2 − a 2 ) 1/2 . As in the Schwarzschild case, the exterior Kerr metric can be smoothly extended across E = {r = r + } which is called Kerr event horizon. The region M = {r > r + } is called the domain of outer communication of the Kerr space-time. It can be shown that the future and past sets of any point in this set intersects any timelike curve, passing through points of arbitrary large values of r, in finite time as measured relative to proper time along the curve. This fact is violated by points in the region r ≤ r + , which defines the black hole region of the space-time. Thus physical signals which initiate at points in r ≤ r + cannot be registered by far away observers. Moreover the black hole region is singular at r = 0. Fortunately this singular region cannot be in any way experienced by far away observer, since no physical signals can escape the black hole.
The exterior Kerr metrics are stationary, which means, roughly, that the coefficients of the metric are independent of the time variable t. One can reformulate this by saying that the vectorfield T = ∂ t is Killing (2) and time-like at points with r large. One can also easily check that T is tangent to the horizon E, which is itself a null hypersurface, i.e. the restriction of the metric to the tangent space to E is degenerate. In addition to being stationary the coefficients of the Kerr metric are independent of the circular variable φ. We say that Kerr is axially symmetric. The Schwarzschild metrics, corresponding to a = 0, are not just axially symmetric but spherically symmetric, which means that the metric is left invariant by the whole rotation group of the standard sphere S 2 . A well known theorem of Birkhoff, shows that they are the only such solutions of the Einstein equations. Another peculiarity of a Schwarzschild metric, not true in the case of Kerr, is that the stationary Killing vectorfield T = ∂ t is orthogonal to the hypersurface t = 0. A stationary spacetime which has this property is called static. Moreover T is timelike for all r > 2m and null along the Schwarzschild horizon E = {r = 2m}. This is not the case for 
-Initial value problem
To solve the Einstein equations in vacuum we start with an initial data set (Σ, g (0) , k (0) ) with Σ a three dimensional manifold, g (0) a Riemannian metric and k (0) a symmetric 2-tensor. To solve the the initial value problem, (I.V.P.), for the Einstein vacuum equations amounts to find a 3 + 1 dimensional manifold M together with a Ricci flat (i.e. verifying (1)), Lorentz metric g on M and an embedding of Σ (0) to M whose first (i.e. induced metric) and second fundamental forms coincide with g (0) and k (0) . One can easily see that g (0) , k (0) cannot be arbitrary; to be compatible with (1) they have to satisfy a set of constraints, called constraint equations. Here are some more precise definitions. Definition 1. An initial data set is a triple (Σ 0) , g (0) , k (0) ) with Σ a three dimensional manifold, g (0) a Riemannian metric and k (0) a symmetric 2-tensor which satisfy a set of relations called constraint equations,
Here ∇ denotes the induced covariant derivative, div the usual divergence of a symmetric 2-tensor, defined with respect to ∇, and R (0) the scalar curvature of (2) A vectorfield X is said to be Killing if its locally induced one parameter flow consists of isometries of g, i.e. the Lie derivative of the metric g with respect to X vanishes, LX g = 0.
the metric g (0) . Moreover |k (0) | and tr k (0) are the riemannian norm and trace of k (0) with respect to g (0) .
We can view the hypersurface t = 0 in Minkowski space (R 1+3 , m) as initial manifold Σ (0) . In that the metric induced by m on Σ (0) = R 3 is g (0) = e, where e is the standard euclidean metric, and the tensor k (0) = 0 is the second fundamental form of the embedding Σ (0) ⊂ R 1+3 . In this way we get the flat initial data set (R 3 , e, 0). Similarly, in the case of the Schwarzschild metric (3), we can take Σ (0) to be the hypersurface t = 0,
, and k (0) = 0. We obtain this way the standard initial data set of the Schwarzschild metric.
Definition 2. An initial data set is said to be flat, or trivial, if it corresponds to a space-like hypersurface in Minkowski space with its induced metric and second fundamental form. An initial data set is said to be asymptotically flat (AF) if there exists a system of coordinates (x 1 , x 2 , x 3 ), defined outside a sufficiently large compact set (3) K ⊂ Σ, relative to which the metric g (0) approaches the euclidian metric and k (0) approaches zero (4) as r = (
) are the first and second fundamental forms of i(Σ (0) ) in M. A development is required to be also globally hyperbolic. This means that i(Σ (0) ) is a Cauchy hypersurface, i.e. each causal curve in M intersects i(Σ (0) ) at precisely one point.
A future development of (Σ (0) , g (0) , k (0) ) consists of a globally hyperbolic manifold (M, g) with boundary, verifying the Einstein equations, and an embedding i as before which identifies Σ to the boundary of M.
Throughout the remaining of this paper we shall only consider globally hyperbolic space-times with a Cauchy hypersurface Σ (0) which is asymptotically flat and has compact interior.
The most primitive question asked about the initial value problem, solved in a satisfactory way, for very large classes of evolution equations, is that of local existence and uniqueness of solutions. For the Einstein equations this type of result was first established by Y. Choquet-Bruhat [7] with the help of wave coordinates which allowed her to cast the Einstein equations in the form of a system of nonlinear wave equations to which one can apply the standard theory of symmetric hyperbolic systems. The optimal, classical (5) , result, due to Hughes-Kato-Marsden(1976) [16] , states the following
) be an initial data set for the Einstein vacuum equations. Assume that Σ (0) can be covered by a locally finite system of coordinate charts U α related to each other by
. Then there exists a unique (up to an isometry (6) ) globally hyperbolic, development (M, g) for which Σ (0) is a Cauchy hypersurface.
In the case of nonlinear systems of differential equations the local existence and uniqueness result leads, through a straightforward extension argument, to a global result. The formulation of the same type of result for the Einstein equations is a little more subtle; it was done by Y. Choque-Bruhat and R. P. Geroch in [8] .
Theorem (Bruhat-Geroch). For each smooth initial data set there exists a unique maximal future Cauchy development.
Thus any construction, obtained by an evolutionary approach from a specific initial data set, must be necessarily contained in its maximal development. This may be said to solve the problem of global (7) existence and uniqueness in General Relativity; all further questions may be said to concern the qualitative properties of the maximal Cauchy developments. The central issue becomes that of existence and character of singularities. First we can define a regular maximal development as one which is complete in the sense that all future time-like and null geodesics are complete. Roughly speaking this means that any freely moving observer in M can be extended indefinitely, as measured relative to its proper time. It turns out that any initial data set, which is sufficiently close to the flat one, admits a regular maximal Cauchy development, see [12] .
Theorem (Global Stability of Minkowski). Any asymptotically flat initial data set which is sufficiently close to the trivial one has a complete maximal future development. Moreover the curvature of the development is globally small and tends to zero at infinity, along any direction.
(5) Based on only energy estimates and classical Sobolev inequalities. (6) The uniqueness up to an isometry requires additional regularity, s > 5 2 + 1, on the data. One has uniqueness, however, without additional regularity for the reduced Einstein equations system in wave coordinates (7) This is of course misleading, for equations defined in a fixed background global is a solution which exists for all time. In general relativity, however, we have no such background as the spacetime itself is the unknown. The connection with the classical meaning of a global solution requires a special discussion concerning the proper time of timelike geodesics.
At the opposite end of this result, when the initial data set is very far form flat, we have the following singularity theorem of Penrose, see [32] .
Theorem (Penrose) . If the manifold support of an initial data set is noncompact and contains a closed trapped surface the corresponding maximal development is incomplete.
The notion of a trapped surface S ⊂ Σ, can be rigorously defined in terms of a local condition on S. The flat initial data sets have, of course, no such surfaces. On the other hand, for the Schwarzschild initial data set, any surface r = r 0 , with r 0 < 2m is trapped. One can also check that the Schwarzschild metric has a genuine singularity at r = 0, where the curvature tensor becomes infinite. This is a lot stronger than just saying that space-time is incomplete. In fact all Kerr solutions, with the exception of the flat Minkowski space itself, have trapped surfaces and curvature singularities.
-Main Conjectures
The unavoidable presence of singularities, for sufficiently large initial data sets, has led Penrose to formulate two conjectures which go under the name of the weak and strong cosmic censorhip conjectures. The first asserts that for all, but possibly an exceptional set of initial conditions, no singularities may be observed from infinity. In other words, the singularities in General Relativity are hidden by regions of space-time, called black-holes, in which all future causal geodesics remain necessarily trapped. To get a feeling for this consider the difference between the Minkowski and the black hole region {r ≤ 2m} of a Schwarzschild space-time. In Minkowski space light originating at any point p = (t 0 , x 0 ) propagates, towards future, along the null rays of the null cone t − t 0 = |x − x 0 |. Any free observer in R 1+3 , following a straight time-like line, will necessarily meet the this light cone in finite time, thus experiencing the event p. On the other hand, any point p in the trapped region r < 2m of the Schwarzschild space, is such that all all null rays initiating at p remain trapped in the region r < 2m. In particular events connected to the singularity at r = 0 cannot influence events in the domain of outer communication. The region r > 2m, the domain of outer communication, is entirely free of singularities. The so called Weak Cosmic Censorship conjecture is an optimistic extension of this fact to the future developments of general, asymptotically flat initial data. The desired conclusion of the conjecture is that any such development, with the possible exception of a non-generic set of initial conditions, has the property that any sufficiently distant observer will never encounter singularities or any other effects propagating from singularities. To make this more precise one needs define what a sufficiently distant observer means. This is typically done by introducing the notion of future null infinity I + which, roughly speaking, provides end points for the null geodesics which propagate to asymptotically large distances. The future null infinity is formally constructed by conformally embedding the physical spacetime M under consideration to a larger space-time M with a null boundary S + .
Definition. The future null infinity S + is said to be complete if any future null geodesics along it can be indefinitely extended relative an afine parameter.
Given this enlarged space-time, with complete S + , one defines the black hole region to be
with the chronological past I − defined relative to the enlarged, non-physical space-time M. The event horizon E of the black hole is defined to be the boundary of B in M. The requirement that space-time M has a complete future null infinity can be informally reformulated, by saying that the complement of the black hole region should be free of singularities. Indeed singularities outside the black hole region will affect the completeness of S + . The black hole region, however, can only be defined a-posteriori after the completeness of S + has been established.
Here is now a more precise formulation of the Weak Cosmic Censorship (WCC) conjecture.
Conjecture 1 (WCC Conjecture). Generic asymptotically flat initial data have maximal future developments possessing a complete future null infinity.
The WCC conjecture was formulated in order to guarantee the unique predictability of observations visible from infinity. It does not preclude, however, the possibility that singularities may be visible by local observers inside the black hole region. Since predictability is a fundamental requirement of all classical physics it seems reasonable to want it valid throughout spacetime. Predictability is known to fail, however, within the black hole of a Kerr solution (8) in which case the maximum domain of development of any complete spacelike hypersurface has a future boundary, called a Cauchy horizon, where the Kerr solution is perfectly smooth and yet beyond which there are many possible smooth extensions. This failure of predictability is due to a global pathology of the geometry of characteristics and not to a loss of local regularity. It is to avoid this pathology and ensure uniqueness that we want the maximum domain of development of generic data to be in-extendible. This motivation has led Penrose to introduce the following conjecture, called Strong Cosmic Censorship (SCC). Since Kerr itself, however, violates this requirement we can only hope that the conjecture holds for generic data. Conjecture 2 (SCC Conjecture). Generic asymptotically flat or compact initial data sets have maximal future developments which are locally inextendible.
The formulation above leads open the sense in which the maximal future developments are inextendible. The precise notion of extendibility, which is to be avoided by SCC, is a subtle issue which, I believe, can only be settled together with a complete solution of the conjecture. There have been various proposals among which I will only mention two, see [10] for a more thorough discussion.
1. The maximal future development is inextendible as a C 1,1 Lorentzian manifold. This means, in particular, that some components of the curvature tensor must become infinite (9) 2. The maximal future development is inextendible as a continuous Lorentzian manifold.
Though general, asymptotically flat, solutions of the Einstein vacuum equations are exceedingly complicated we expect that their asymptotic behavior is quite simple and is dictated in fact by the two parameter family of explicit Kerr solutions, corresponding to axially symmetric, rotating black holes. Here is a rough version of the conjecture.
Conjecture 3 (Final State Conjecture)
. Generic asymptotically flat initial data sets have maximal future developments which can be described, asymptotically, as a finite number of black holes, Kerr solutions, moving away from each other.
The simple motivation behind this conjecture is that one expects, due to gravitational radiation, that general, dynamic, solutions of the Einstein field equations settle down, asymptotically, into a stationary regime. A spacetime is said to be stationary if it admits a Killing vectorfield which is timelike in the asymptotic region, i.e. at space-like infinity.
Kerr solutions are obvious examples of stationary solutions but are they unique? Can there be, in other words, other stationary solutions of the Einstein vacuum equations? It has been shown, under very general conditions, that if the Killing vectorfield is also static, i.e. hypersurface orthogonal, than the spacetime must be Schwarzschild, see discussion and references in [5] . A less satisfactory uniqueness result holds true for stationary, real analytic space-times, see discussion and references in [5] . The condition of real analyticity is however very unnatural in General Relativity and ought to be removed. [10] Conjecture 4 (Uniqueness of Kerr). Remove the analyticity assumption in the Hawking-Carter proof of uniqueness of the Kerr space-time among stationary solutions.
Another important open problem in general relativity, whose solution would have to be understood long before the full Final State conjecture is settled, is that of the nonlinear stability of the exterior Kerr metric.
Conjecture 5 (Global stability of Kerr). Any small perturbation of the initial data set of a Kerr space-time has a global future development with a complete future null infinity which, within its domain of outer communication (10) , behaves asymptotically like a (another) Kerr solution.
A first, essential step, in the proof of stability of the Kerr solution would be to establish appropriate decay estimates for solutions to linear field equations in a fixed Kerr background. At this point we don't even have a satisfactory proof of the boundedness of solutions to the scalar wave equation,
in the exterior of the Kerr background metric g. The situation is somewhat better in the case of the Schwarzschild metric, see [13] for a recent result and relevant references.
-Bounded L curvature conjecture.
An important general conjecture which has received some attention in recent years is the bounded L 2 curvature conjecture. As a helpful analogy consider the case of the Cheeger-Gromov non-collapse theory in Riemannian geometry. The theory shows how L ∞ bounds on the curvature tensor, lower bounds on the diameter and upper bounds for the volume of a compact manifold are sufficient to control the geometry of the manifold. Yet Einstein field equations are of hyperbolic character and as such L ∞ bounds for the curvature tensor are unnatural. Indeed, based on the Bianchi identities one can show that the curvature tensor satisfy a Maxwell type equation and thus we can only expect to establish L 2 energy type estimates along space-like hypersurfaces and null boundaries of future or past domains. It is thus natural to ask whether the boundedness of these quantities, plus reasonable initial conditions, suffices to control the geometry of a space-time.
The problem mentioned above is intimately tied to the issue of optimal wellposedness which can be formulated and addressed for the full Einstein -vacuum equations in the absence of any symmetry. The optimal local existence result (10) That means, roughly, outside the black hole region.
result, see [16] , requires an initial data set (
. By only scaling considerations we expect to make sense of the initial value problem for s ≥ s c = 3 2 . A result of well posedness for the Einstein equations for the critical regularity, s = s c , is not only completely out of reach but may very well be wrong (11) . A far more realistic goal at the present time is the following:
Conjecture (L 2 -Bounded Curvature Conjecture BCC). The Einstein Vacuum equations are strongly, locally, well posed for initial data sets (Σ (0) , g (0) , k (0) ) with locally finite L 2 curvature and locally finite L 2 norm of the covariant derivatives of k (0) .
It is important to emphasize here that the conjecture can be interpreted as a continuation argument for the Einstein equations; that is the spacetime constructed by evolution from smooth data can be smoothly continued, together with a time foliation, as long as the curvature of the foliation and covariant derivatives of its second fundamental form remain L 2 -bounded. The following, loosely formulated, result may be viewed as a possible corollary of the bounded L 2 curvature conjecture:
Corollary. Consider a future Cauchy development, for the Einsteinvacuum equations, of smooth, regular, initial data set. If the curvature flux along any backward null cone initiating in the past of a point p is uniformly bounded the solution can be smoothly continued past p.
Clearly, such a result would be an important step in understanding formation and structure of singularities for the 3 + 1 Einstein equations. The description of a local continuation criterion stated above in terms of a curvature flux is natural from both geometric and physical point of view. On the other hand, an even more ambitious goal is to find geometrically meaningful dimensionless quantities whose boundedness ensures a unique local extension of the corresponding spacetime.
Problem. Find a dimensionless local extension criteria for solutions of the 3 + 1 Einstein vacuum equations.
-Strategy for BCC
The conjecture, which was first proposed in [20] , means that one can significantly improve the classical local existence mentioned above from s > 5/2 to s = 2 which corresponds to initial data sets with bounded L 2 curvature, result (11) The causal structure seems to break-down for s < 2. Thus BCC, with s = 2, may be sharp.
which would be particularly satisfying in view of the naturalness of the norms involved. The conjecture was motivated by the progress made earlier on semilinear type equations such as Wave Maps and Yang Mills equations. At that time the conjecture was made it seemed however completely out of reach. It was clear that in order to improve the exponent s > 5/2 one had to abandon the naive use of Sobolev inequalities of the classical argument and rely instead on Strichartz and vector-fields bilinear type estimates. The problem was that one needed to extend these estimates to wave operators on very rough background metrics. The first results below 5/2 are due to BahouriChemin [2] , Tataru [36] and Klainerman-Rodnianski [24] and relied, indeed, on proving Strichartz type estimates on such backgrounds. To do this they had to rely on adequate notions of approximate fundamental solutions or vector-fields in the case of [24] ) for the corresponding wave operators based on an adapted version of the classical geometric optics construction. This construction depends heavily on the regularity properties of null hypersurfaces associated to these backgrounds and applies to general type of quasilinear wave equations including the reduced Einstein vacuum equations in wave coordinates. In [25] we were able to reach, for the particular case of Einstein vacuum equations, any exponent s > 2. A similar result was also obtained in [35] for the general class of quasilinear wave equations mentioned above.
The case s = 2 is far more difficult. First of all such a result cannot hold for general quasilinear wave equations. As the experience with semilinear wave equations demonstrates, see discussion in [??], to prove such a result we need the following ingredients:
1. Provide a system of coordinates relative to which (EV) verifies an appropriate version of the null condition. 2. Prove appropriate bilinear estimates for solutions to homogeneous wave equations, of the type g φ = 0, on a fixed Einstein Vacuum background (endowed with the coordinate system indicated in 1.) with bounded L 2 curvature. In the flat case such estimates were proved in [21] and used to prove global existence for the Yang Mills equations in the energy norm, see [22] .
To prove bilinear estimates we need a good notion of approximate solutions; this requires the third ingredient, typical to quasilinear equations, 3. Make sense of null hypersurfaces, on Einstein vacuum backgrounds with only L 2 -bounds on their curvature tensor, and provide estimates on their geometry.
-A Break-down criterion
I report on recent work in collaboration with Igor Rodnianski concerning a geometric criterion for breakdown of solutions (M, g) of the vacuum Einstein equations. The main result discussed here is stated and proved in [31] ; the proof depends however on the results and methods of [26] , [27] , [28] , [29] which establish a lower bound for the radius of injectivity of null hypersurfaces with finite curvature flux as well as [30] in which we construct a Kirchoff-Sobolev type parametrix for solutions to covariant wave equations.
Assume that a part of space-time M I ⊂ M is foliated by the level hypersurfaces Σ t of a time function t, monotonically increasing towards future in the interval I ⊂ R, with lapse n and second fundamental form k defined by,
where T is the future unit normal to Σ t , D is the space-time covariant derivative associated with g, and X, Y are tangent to Σ t . Let Σ 0 be a fixed leaf of the t foliation, corresponding to t = t 0 ∈ I, which we consider the initial slice. We assume that the space-time region M I is globally hyperbolic, i.e. every causal curve from a point p ∈ M I intersects Σ 0 at precisely one point. Assume also that the initial slice verifies the assumption.
A1. There exists a finite covering of Σ 0 by a finite number of charts U such that for any fixed chart, the induced metric g verifies
with Δ 0 a fixed positive number. Though our work in [31] covers only the second of the following two situations below, it applies in principle to both. 
We may assume in what follows that the region M I corresponds to the time interval I = [t 0 , t * ) with t * < 0. Without loss of generality we shall identify the entire space-time M with M I . We can also assume that the initial hypersurface Σ 0 corresponds to t 0 = −1.
Given a t-foliation of M and p ∈ M we can define a point-wise norm |Π(p)| of any space-time tensor Π via the decomposition,
. [14] We denote by
with dv g the volume element of the metric g of Σ t . The main result I want to report is the following,
) be a globally hyperbolic development of Σ 0 foliated by the level hypersurfaces of a time function t < 0, verifying conditions (1) or (2) above, such that Σ 0 corresponds to the level surface t = t 0 . Assume that Σ 0 verifies A1. Then the first time T * < 0 of a breakdown is characterized by the condition (8) lim sup
More precisely the space-time together with the foliation Σ t can be extended beyond any value t * < 0 for which (12) , 
Condition (9) can be reformulated in terms of the deformation tensor of the future unit normal T , π = (T) π = L T g. By a simple calculation, expressed relative to an orthonormal frame e 0 = T, e 1 , e 2 , e 3 , we find, (10) π 00 = 0 , π 0i = n −1 ∇ i n , π ij = −2k ij .
Thus condition (9) can be interpreted as the requirement that T is an approximate Killing vectorfield in the following sense,
A2. There exists a constant Δ 0 such that, 
In addition to the constant Δ 0 in A1, A2 the constant R 0 , which bounds the L 2 norm of the spacetime curvature tensor R on Σ 0 , plays an essential role,
(12) For simplicity we use below the same constant Δ0 as in (7).
To prove the theorem we have to show that if assumptions A1 and A2 are satisfied then the space-time M I , I = [t 0 , t * ), t * < 0 can be extended beyond t * . We want to emphasize that Theorem 3.1 is a large data result; indeed one need not make any smallness assumptions on the constants Δ 0 and R 0 . Our theorem is connected and partially motivated by the following three earlier breakdown criteria results:
1. The first is a result of M. Andersson [1] , who showed that a breakdown can be tied to the condition that (13) lim sup
It is clear that condition (8) is formally weaker than (13) as it requires one degree less of differentiability. Moreover a condition on the boundedness of the L ∞ norm of R covers all the dynamical degree of freedom of the equations. Indeed, once we know that R(t) L ∞ is finite, one can find bounds for n, ∇n and k purely by elliptic estimates.
2.
Our result can be also compared to the well known Beale-Kato-Majda criterion for breakdown of solutions of the incompressible Euler equation The Beale-Kato-Majda criterion improves the blow up criterion by replacing it with the following condition on the vorticity ω = curl v:
Similarly, in the case of the Einstein equations energy estimates, expressed relative to a special system of coordinates (such as wave coordinates), show that breakdown does not occur unless 
